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We introduce fermions into the En non-linear realisation. We show, at low levels, that 
the commutators of the Cartan involution invariant subalgebra of En with the known 
supersymmetry transformations of eleven dimensional supergravity lead to symmetries of 
the theory indicating the consistency of supersymmetry and En. 
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1. Introduction 

The first paper which conjectured En symmetry [1] only considered the bosonic sec- 
tors of the theories under consideration and the same is true for all subsequent papers. 
However, there have been a number of results which follow from En symmetry which have 
traditionally been, or have subsequently been, shown to follow from supersymmetry. Two 
such examples are the two and five form central charges in the l\ representation of En, 
which is conjectured to contain all brane charges, [2] and the representations carried by 
form fields which imply the classification of gauged supergravities [3,4]. A brief account of 
some of the evidence for an underlying En symmetry of strings and branes is summarised 
in the first seven pages of [5]. 

The dimensionally reduced maximal supergravities contain non-linear realisations that 
encode the scalar fields. In fact this statement is true for all supergravity theories which 
possess scalars in their supergravity multiplet. The prototype example is the maximal 
supergravity theory in four dimensions which possesses an E-j non-linear realisation with 
local subgroup SU(8) [6]. The other fields in the supergravity multiplet transform as 
matter representations of the non-linear realisation, that is under the local subgroup. This 
includes the fermions. 

The local subalgebra adopted in the non-linear realisation of En is the Cartan in- 
volution invariant subalgebra denoted K(En)- The commutation relations of this latter 
algebra were given at low levels in [2] and it was found that the generators could be rep- 
resented at low levels by the eleven dimensional 7-matrices. As such K(En) possesses, at 
low levels, a 32 component spinor representation that might be used as the supersymmetry 
parameter [2]. 

It has also been proposed [7] that non-linearly realised Eiq is a symmetry of maximal 
eleven dimensional supergravity. This is a subalgebra of En, but it differs from the earlier 
proposal [1] in the way it incorporates space-time; the fields are taken to depend only on 
time and the spatial derivatives of the fields are proposed to occur at higher level in Eiq. 
Fermions have been incorporated in the E 10 non-linear realisation [8-11]. Following the 
pattern found in supergravity theories in lower dimensions these authors took the fermions 
to belong to linear representations of K(Eiq). They found that there exists at low levels 
a representation which is a vector spinor of the ten dimensional Lorentz group which can 
be identified with the gravitino and that this is a representation at all levels, albeit an 
unfaithful one. The previously found [2] thirty two component unfaithful representation, 
which is a spinor of the ten dimensional Lorentz group, was used as the supersymmetry 
parameter. 

In this paper we follow a similar path to incorporate the fermions into the En non- 
linear realisation. The contents of this paper are as follows. In section two we summarise 
the algebra of K(En), in section three we compute the K(En) transformations of the 
fields at low levels, in section four we will find a unfaithful representation of K(En) which 
can be identified with the gravitino, in section five we compute the commutators of the low 
level fields between the known supersymmetry transformations and their previously found 
K(En) transformations and show that they are consistent in that they lead to known 
symmetries of the theory. 

As very briefly indicated in reference [11] some calculations incorporating fermions, 
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which are unpublished, have been carried out in the En context by these authors. 
2. The Cart an Involution invariant subgroup of En 

In this section we summarise the commutation relations of En generators and those of 
the Cartan involution invariant subgroup of £?n, denoted K(En) . The Dynkin diagram 
of En is given by 

o 11 

o — o — o — o — o — o — o — o — o — o 
12345678 9 10 

Figure 1. The Dynkin diagram of En 
Deleting node eleven we find the algebra GL(ll), which corresponds in the non- linear 
realisation to eleven dimensional gravity. As such it is natural to decompose the adjoint 
representation of En in terms of GL(ll) which consists of SL(ll) and the remaining 
generator of the Cartan subalgebra. We denoted these generators by K a b , a,b = 1, . . . , 11 
and they obey the commutators 

[K a b ,K c d ]=5 c b K a d -S a d K c b (2.1) 

All generators of a Kac-Moody algebra are formed from multiple commutators of the 
Chevalley generators. The level of a generator is defined to be the number of times the 
Chevalley generator En (not to be mistaken with the symbol for the algebra itself) occurs 
for positive root generators, or minus the number of times Fn appears for negative root 
generators. The results of the decomposition can be classified by this level [12,7]. The 
positive root generators at level one and two respectively are given by[l] 

Rai ...a^ Rai ...a 6 (2.2) 

while 

are the negative root generators at levels -1 and -2 respectively. 

The commutation relations of the positive root generators with GL(ll) are 

[K b c ,R ai - aa ] =35\? 1 R Wa2a3 \ [K b c ,R ai - a6 ] = ^§1^ R\ b \^-^] ( 2 .4) 
While the commutators of the negative root generator with those of GL(ll) are given by 

[K b c ,R ai a 2 a 3 ] = S8 b ai R\ c \ a2a3 ], [K b c , R ai ...a 6 ] = ~^[ ai R\c\a 2 ...a 6 ] ( 2 -5) 

Generators at level two, or minus two, can be found as the commutator of two level 
one, or minus one, generators. 

[Rai ...a 3 ^ R a 4 ...a 6] = 2Rai ...a^ ^ , ^ a J = 2i? ai ...a 6 (2.6) 
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In these equations we have chosen the normalisation of these generators. 

Finally, the commutators between the positive and negative root generators at levels 
one and two are [1] 



[R a *- a \R bl ... b3 ) = lSSfcgK**^ - 26-;;;;: : ; (£ 6 K\) 

[R ai "' a3 ,Rb 1 ...b 6 ] = t^JV.V. S ^64-66] 

[R a ^,R bl ... b6 ] = -5! (9S^;;ZK^ b6] - s l £;;£} E c K%) 

[R bl ... b3 ,R ai - a6 ] = ffcs 3 ^ 04 - 061 



(2.6) 



The usually adopted Cartan involution of a Lie algebra is defined on the Chevalley 
generators as 

E a -> -F a , F a -> -E a , H a ->• -# a (2.7) 
The effect on the generators used above is 

K\ -K b a ,R a ^ -+ -iV..a 3 ,# ai - a6 ^ ^ ai ...a 6 (2.8) 

The Cartan involution invariant subalgebra X(£ii) is generated by the invariant 
combination of the Chevalley generators given by 

S a = E a - F a (2.9) 

A basis for the Cartan involution invariant subalgebra K(En) is given, up to and 
including level 2, by [2] 



,ca 



jab = K a c r] cb - K b c rf 

Sai...a 3 = R^ 1 '^ >3 Vb 1 a 1 ---Vb 3 a 3 Ra\...a 3 (2.10) 
Sai ...ag R 1 e Vbia 1 ■ ■ ■ Vb^aa ~\~ Rai...ae 

The J ab s generate the Lorentz algebra. In fact, these generators are not the generators 
which are invariant under the Cartan involution of equation (2.7), but under the modified 
Cartan involution given by E a — > —rj aa F a , F a — > —rj aa E a and H a — > —H a . This introduces 
the Minkowski metric 77^, which ensures that we have the Lorentz group SO(1,10) rather 
than the group SO(ll). We could also have worked with the Cartan involution of equation 
(2.7) but then Wick rotated to Minkowksi signature at any stage. 

The commutators between the generators of K(En) are given by [2] 

[J a \ J cd ] = - v bd J ac - r] ac J bd + V bc J ad + i] ad J bc 

\qai...a 3 a 1 _9COi...o 3 18A[ aia2 7" a 3], , 

[O , ^61. ..63 J — Zl= > a 4 ...a 6 [6162 M 

[C qbi...b 6 -\ _ nq bl ... b 6 r ^'r[6l-..6 3 qb 4 ...b e ] Icy -i -i \ 

[O ai ...a 3 ,0 \ — [0102,03] _ ~2°[ ai ...a 3 ] a 

The first generator on the right-hand side of the last equation is the Chevalley invariant 
combination of the level three and minus three generators that we include for completeness, 
although it is beyond the level truncation used in this paper. 
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3. The action of K(En) on the bosonic fields 

In this section we calculate the transformations of the bosonic fields under rigid 
K(£ii). By definition, the group element from which the nonlinear realisation is con- 
structed transforms under rigid transformations as 

9^9o9, 9 ->■ gh (3.1) 

where g £ En is a rigid, i.e. constant, transformation, but h G K{En) is a local 
transformation. 

Using the analogue of the Iwasawa decomposition we may write the general group 
element of En as 

9 = e^-eS/" E »e^ B '^ (3.2) 

Where the sums over a and (3 run over all positive roots, and Sp denotes an element of 
K(En). This group element is of the form of an element of the Borel subalgebra multiplied 
by a Cartan involution invariant group element. Using the local symmetry we can choose 
the group element to be of the form 

g = e h.^- 6e A. 1 ...„ 3 fl-i--3 eJ 4 01 ... 06 fl-i--e (33) 

Thus we choose our coset representatives. We note that we did not use the local Lorentz 
group part of K(En) to choose the h a b to be symmetric. 

Carrying out a rigid Borel transformation takes us from one coset representative to 
another, so we can immediately read off the transformation of the fields. However, this 
is not the case for a general En transformation and one has to perform an additional 
compensating local K(En) transformation to bring the group element back to being one 
of the coset representatives. 

We must also include in the group element a part associated with space-time, that is 
a factor e x Pa . In principal we should add further generators associated to the generalised 
space-time introduced in [2] corresponding to the non-linear realisation of En ® s li, but 
these are likely to lead to higher order effects than those being considered in this paper. 
As such we take all En generators except those of GL(ll) to commute with P a . 

We now consider the rigid transformation 

O = e c01 "'° 3sr »i--3 (3.4) 

All other K(En) transformations can be found from this one by taking commutators. As 
a result we find at lowest order in the transformation parameter 

5 c 3e M a = 2c^ A (9A^ p e x a - A vpX e^) 

X „ A - _ QA ,( q r ^P p c d b A _ „pvp c p d p e Ajh b \ 

Vc 6 ■ ri -a\...a,3 — <->s-La2a3D c-fj, c-v Cp -<*-cda\ L c /x ^p ■ rL cde' J a\) 

+fiflyl j c ^ vp p c p d p e 4- r p ^p v p p — r-WPp P P 

T"U-fi(i 1 ...(i3C(ie 1 ' c /i c p ~ ^pvp c -a 1 c a2 c a3 ^ c M a l c ^«2 C P«3 

(3.5) 

The object e^ a is the vielbein and how it enters into the non-linear realisation is 
discussed in appendix A. The quantity c 3 = c aia2a3 is the same constant regardless of 
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whether it carries flat or curved indices. In other words we do not use the vielbein to 
convert the flat indices to the curved indices on c 3 , but rather show explicitly the vielbein 
factors that are present. In other words, c^ vp = d^d^SPc abc is also a constant. 

To find the above result one must first move the go of equation (3.4) past the e 
factor in the group element g of equation (3.3) using the equation 

g oe h - k = e h-k e -h-k e c a l a 2 a 3S aia2a3e h-k 

— P hk wnfr p Vl p M2 p M3 Daia 2 a 3 _ uiM2A*3 p «i„ a 2 a 3 p 1 (o a\ 

c cj±y\^ fllt i 2 n 3 c ai c a2 t a3 11, o & fll iL aia2a3 j V - U J 

The presence of the vielbeins in equation (3.6) is explained in the appendix. Moving 
the expression in equation (3.6) after the e h ' k factor past the next factor in the group 
element g , namely e Aa ^ a ^ a 3 R 1 2 3 the e cM1 M3e ^i 1<s ^2 2e M 3 3R a 1 ...a 3 term creates a GL(ll) 
transformation that must be reordered in the group element. Similar considerations apply 
to the passage of e° n M3f ^i lf ^2 2e M3 3i?a i a 3 past the factor containing the six form field. 
Finally, one can recognise e cM1 ^ 3e ^i le ^2 2e M 3 3R a 1 ...a 3 as p ar t Q f the compensating local 
transformation 

h = e ^ p ^ a ^ h <s ahc (3 _ 7) 

We note that this contains a term e c>J ' vPe i+ae vb e pc R abc w \y[ c \y mus t be reabsorbed into the 
change in the three form field together with the similar term that arises from the passage 
of the factor e c ^i^2M3 e "i Mle "2 M2e «3 M3i?aia2a3 in equation (3.6). 

To calculate the variation of the vielbein under Sq we repeat this procedure with 
<7o = e Ca i ■■■ a e s 1 6 and a suitably chosen compensating local transformation. We find the 
result 

5'9 

X RP a _ r| 1/1...1/6 A p o _ r|q i/i...j/ 6 4 a_^_u 1 ...u 6 A a p a /o o\ 

Vc^^ll — tJ - c " ^l-^i...^6 C M O.iJU ^Ui...Ui,fI^UQ 2 /1 Vi...f3 /1 l/4i'5(l t; I/6 \°-°) 

Finally we write down the effect of a rigid Lorentz transformation on the vielbein in 
this formalism so as to fix the normalisation. That is we take go = e CabJ and process it 
as in equation (3.6) to find a local transformation. The result is 

5 c 2e/ = 2c/e„ a (3.9) 

where the second index on is simply now written as an upper index. 
4. Spinorial representations of K(i?n) 

In this paper we wish to include fermions in the -En non-linear realisation. As we 
have already mentioned the prototypical example is the maximal supergravity in four 
dimensions which has an E-j symmetry [6]. In this theory, and indeed all supergravity 
theories in which the scalars are part of the supergravity multiplet, the spinors appear in 
the nonlinear realisation as matter representations. The matter representations transform 
as a linear representation of the chosen local subalgebra, which is SU(8) in the example just 
considered. This isthe Cartan involution invariant subalgebra and so the maximal compact 
subgroup of £7. We note that once one has chosen a coset representative, one must in 
general carry out compensating local transformations, which act on matter representations. 
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Spinors have already been introduced in the .Eio approach [8-10] where they also took 
the spinors to transform under the Cartan involution invariant subalgebra. To construct 
the representation of K(£'io) appropriate to the gravitino, these authors started with the 
vector spinor representation of SO(10) and introduced a transformation for S3, up to level 
three, that satisfied the known commutation relations for the K(Ei ). It turned out that 
it was enough at low levels to introduce only the gravitino field and so the representation 
found was highly unfaithful. 

These techniques also apply to En and we also take the gravitino to be a matter rep- 
resentation. We start with the standard Lorentz transformation of the gravitino SO(10,1) 
with a tangent space vector index; 

Jab^Pc = -^lab^Pc ~ 2Vc{aA] (4-1) 

To find a suitable transformation of the vector spinor under S3 we write down all possible 
terms with the correct SO(1,10) character and demand that it obey the algebra given in 
equation (2.11) involving the S3 generator. In particular from the commutator between 
two S 3 generators in equation (2.11), one derives the following two relations 

[S abc , S ade ] = 0, [S abc , S abd ] = -J c d (4.2) 

Where a, b, c, d, e are distinct indices. The second relation relates the S3 transformation back 
to the known SO(1,10) transformation of equation (4.1). Given the S3 transformation we 
can find all higher level K(En) transformations by taking repeated commutators. We 
find that the transformations of the vector spinor, that is the gravitino, up to level two, 
are given by 

Sabci>d = \labc^d ~ ld[ab^c\ + ^Vd[alb^c] ^ ^ 

Sabcdef^g = ~ ^abcdef^g ~ %1 g[abcde^ '/] + g[albcde^ f] 

One can repeat this procedure, starting with the spin 1/2 representation of SO(10,1) 
and recover the result [2] 

Jab^ = -^Jablp Sabcljj = ^abc^ S ahcdef 1p = -^Jabcdeflp (4.4) 

5. Commutator of K(£ii) and Supersymmetry 

In this section we will calculate the commutator of the supersymmetry variations and 
the K(En) transformations on the vielbein and the three form. For our supersymmetry 
variations we take the well known transformations from eleven dimensional supergravity. 
We will find that the commutators result in symmetries of the theory and so demon- 
strate the consistency of En with supersymmetry at least at low levels. This is far from 
guaranteed as En has so far been based entirely on the bosonic fields. We take the super- 
symmetry transformations of the vielbein, the three form, and its dual, the six form with 
the Grassmann parameter e Q to be [13] 

5 £ e M a = e7 a Vv 

SeAftvp = \n\»v^ P \ (5.1) 
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We note that the normalisation of the fields was already determined by their appearance 
in the En group element of equation (3.3) and those chosen in equation (5.1) are the ones 
compatible with this previous choice. 

One finds that the commutator of the variation of Q a and S3 on the vielbein is given 

by 

[eQ, c 3 • S/ 3 ]e/ = ^c bcd e lbcdl a ^ p - ^ ad e^ d - Ac^e^^a + Ac acd e lp ^ d + c bcd ej% bc ^ d 

(5.2) 

When carrying out this calculation it is important to remember that the K(En) trans- 
formation of the gravitino discussed in section three was defined in the tangent frame, 
however the gravitino in the supersymmetry transformations has a curved index, so when 
considering the K(En) variation of the gravitino, we must include the vielbein required to 
convert a flat to a curved index, that is Vv = e M a ^ a . The same applies to the threeform 
which we must write as A pvp = e p a e u b e p c A abc . 

From equation (5.2) we extract the generic form of the commutator 

[Q, S bcd ] = \p a bcQ + (]p f ebc + 2Veb$l ~ 2(Vebl f c ~ S( 7 ec )^ •ty&Jhf (5.3) 

which we recognise as a supersymmetry transformation and a local Lorentz transformation 
denoted by the symbol Jl c f- On the metric, which is a Lorentz invariant object, the field 
dependent Lorentz transformations do not appear, and we are left with [Q, S a b c ] = \^ a bcQ- 
This is expected, because the supercharge Q is a spinor, which transforms as in equation 
(4.4). 

We note that the commutator (5.3) is field dependent. This is a well known phe- 
nomenon that occurs in the commutator of supersymmetry and gauge transformations 
when some of the fields have been set to zero using the supermultiplet of gauge symme- 
tries, the prototype example is to fix the Wess-Zumino gauge in supersymmetric Yang-Mills 
theory; for a review see [14]. It is to be expected here as we have used a local symmetry, 
that is the K(En), to gauge away the non-Borel part of the group element. 

A similar calculation on the threeform field gives 

[eQ, c s S 3 ]A pup = ^c ahc t lahcl ^ p (5.4) 

The spacetime threeform is a Lorentz invariant object, and one does not expect to see the 
field dependent terms of equation (5.3). Thus one finds that the generic commutator of a 
supersymmetry transformation with a rigid S aia2a3 transformation is, up to level two, of 
the form 

[Q, Sabc] = -jlabcQ (5.5) 

plus local transformations. 

The commutator of supersymmetry and Sq on the vielbein is given by 



2 'c 1 6 £7^1 ^2^3 (9^/i^4^s e ^6 A Vi VQ e p ) 
+2c^-^e 7 V 1 ...^ 6 - 20^-^7^...^ 
— 5 (c p 1 J e7 _ j, 4 ip Vs — c 1 e7/i^i... VA ip v 5 ) 



(5.6) 
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These variations lead to the commutator relation 

[Q, S a ...f] = \la...fQ - ^lab^cSdef 

+ {\{5fjl k a...dlp e ~ 5f7ja...d1pe) + J k ja...e^f ~ I05 ej d b f j a ... c ip d ^ lfjfJ L j k 

(5.7) 

where the right hand side is understood to be antisymmetrised over the indices abcdef. 
Thus we may write the commutator as 

[Q, S a bcdef] = -^labcdefQ (5.8) 

plus local transformations. We note that equations (5.5) and (5.8) are compatible with 
regarding the supercharge as a spinor which we found to transform as in equation (4.4). The 
commutators of the Cartan involution subalgebra with the supersymmetry as anticipated 
in [2]. 

Appendix A. Vielbeins in En 

In the calculations given in this paper the vielbein plays an important role, and in 
this appendix we briefly discuss how the vielbein appears in the En non-linear realisation. 
For this purpose we can take our group elementto contain just the part appropriate for 
gravity, namely 

where . . . indicates factors involving higher level fields. The most direct way to see the 
presence of the vielbein is to compute the Cartan form 

V = g-%9 = dx^ a (P a + {e- l d^e) a b K a b + . . . ) (A.2) 

where e^ a = (e h ) fJ a . The Cartan forms transform under the local subalgebra K(En) as 
V — > h~ 1 Vh+h~ 1 dh. At lowest level this is just the Lorentz group and so e M a transforms on 
its upper a index just like a vector under the Lorentz group while any reparameterisation, 
more precisely any GL(ll) transformation, of x M gives a corresponding change in the 
lower \i index of e^ a . Thus e^ a does transform as a vielbein should. Indeed constructing 
the theory of gravity from the non-linear realisation as was first done in [15], and again in 
a more vielbein orientated approach in [16], one finds that e^ a does indeed appear in the 
theory as the vielbein should. 

Effectively, the above calculation of the vielbein evaluates e ha K<lb in the vector rep- 
resentation as this factor acts on P a . In this representation 

(K a b ) c d = 5 a c 5 b d (A3) 

where c, d are the representation matrix indices clearly giving (e habKab ) c d = in vector 
representation. 

In the paper we encounter expressions where we move e ha K h past generators in 
representations of GL(ll), for example equation (2.4). In particular we find that 



e 



-h.K cai ...a 3Rai ^ e h.K = c ^P e ^ eu b ep e Rabc (A4) 
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We recall that the parameter c 3 is the same constant no matter what indices it displays, 
but it is natural to write its indices so as to reflect what it is contracted with. We also 
give the analogous result for the positive root generators 

c c ai ... a3 .R 1 3 e = Cfj, U pe a ^eb e c p R (A.5) 

which involves the inverse vielbeins e a ^ = (e~ h ' K ) a fI . 
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